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ABSTRACT 27407 
Quantum mechanical calculations of the transport cross 
La) + f i ( m i t J  P 
sections @'"and 9 and the associated in t e gr a 1 s 
are presented for a Lennard-Jones (12,6) potential. The 
computations are made for three values of the quantum parameter 
A* (=1,2,3), and include the effects of  statistics. The 
quantum effects become quite important at reduced temperatures 
T* below about unity. The quantum corrections to the 
integrals are negative at moderate temperatures, but become 
positive at higher temperatures. 
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The t h e o r y  of t r a n s p o r t  phenomena i n  a low d e n s i t y  gas  of 
s t r u c t u r e l e s s  s p h e r i c a l  molecules i s  w e l l  developed . The t r a n s p o r t  1 
c o e f f i c i e n t s  a r e  g iven  i n  terms o f  t h e  tempera ture  dependent reduced  
P , t J  Y 
c r o s s  s e c t i o n s ,  . C l  
dependent reduced c r o s s  s e c t i o n s ,  qcmJx . I f  quantum mechanics 
, which i n  t u r n  are i n t e g r a l s  of  t h e  energy  
i s  used t o  d e s c r i b e  t h e  b i n a r y  c o l l i s i o n s  between t h e  molecules ,  t h e s e  
c r o s s  s e c t i o n s  may be expressed i n  terms o f  t h e  phase s h i f t s ,  
1. Cross  S e c t i o n s  
71 * 
I n  t h e  p r e s e n t  paper ,  we cons ider  t h e  quantum mechanical  
d e s c r i p t i o n  o f  t r a n s p o r t  phenomena i n  a gas  made up of  molecules  
which i n t e r a c t  acco rd ing  t o  a Lennard-Jones(l2,6)potential 
where 
y-)(cnX) 3 4 [ ( R  *)-'o ( A  *),-"_I 
1-1 
1- 2 
A s  u s u a l ,  t h e  c o n s t a n t  E i s  t h e  depth  of  t h e  p o t e n t i a l  minimum, 
t h e  c o n s t a n t  b i s  t h e  s e p a r a t i o n  d i s t a n c e  a t  which t h e  p o t e n t i a l  
i s  zero ,  and R*=n/ris t h e  reduced s e p a r a t i o n .  
The phase  s h i f t s ,  Tt  , f o r  c o l l i s i o n s  between molecules  
which i n t e r a c t  acco rd ing  t o  the Lennard-Jones p o t e n t i a l  a r e  
ob ta ined  through t h e  s o l u t i o n  o f  t h e  r a d i a l  wave e q u a t i o n  
1 
Y 
in which RLlh*I is the radial wave function, E =E/Eis the reduced 
P-ller-' O J  ef thc  co?:isiun, and 
1-4 
is the "quantum parameterlq which governs the magnitude of the 
quantum effects. The value of the phase shift is obtained from the 
asymtotic form of the solution of the wave equation which is finite 
at the origin and is a function of the angular momentum quantum 
number, 4 , the reduced energy, E * , and quantum parameter, A". 
The two moments of the cross seetion which arise in the 
description of transport phenomena are Q'I'and 9"' . 
corresponding reduced cross sections for collisions between unlike 
molecules (based on Boltzmann statistics) are 
The 
1-5 
t- 0, /,2,.  . 
The expression for the cross section for collisions between 
like molecules depends on the statistics. The c r o s s  section 9"' 
f o r  collisions between like molecules does not appear in the 
3 
e x p r e s s i o n s  f o r  t h e  t r a n s p o r t  c o e f f i c i e n t s .  Neg lec t ing  s p i n  e f f e c t s ,  
t h e  reduced c r o s s  s e c t i o n  4'''' f o r  c o l l i s i o n s  between Bose-Eins te in  
p a r t i c l e s  i s  
and f o r  c o l l i s i o n s  between Fermi-Dirac p a r t i c l e s  i s  
For c o l l i s i o n s  between l i k e  atoms w i t h  n u c l e i  o f  s p i n  
reduced c r o s s  s e c t i o n s  are 
s t h e  
1-9 
1-10 
The reduced c r o s s  s e c t i o n s ,  are f u n c t i o n s  of  t h e  
reduced energy,  
s ta t i s t ics  of  t h e  c o l l i d i n g  p a i r .  
E* , t h e  quantum parameter ,  A" , and t h e  
Jr(*,t)Y 
The reduced tempera ture  dependent c r o s s  s e c t i o n s ,  , are 
s imply  i n t e g r a l s  over  t h e  energy o f  t h e  a p p r o p r i a t e  c r o s s  s e c t i o n s ,  
. Thus 
4 
h e r  e r * =  L T / t  1-12 
is the reduced temperature. These cross sections are functions of 
the reduced temperature, T'' , the quantum parameter, A9', and the 
s t a t i s t i c s .  
The expressions for the transport coefficients of single 
component systems and mixtures depend simply on the reduced cross 
sect ions, . These expressions are given elsewhere' and n(fi,tJ 4 
are not repeated here. 
2 .  Numerical Procedures 
The phase shifts 7t were computed by direct numerical 
integration (RKG method) of the radial wave equation using a 
program previously developed , but now improved by the introduction 2 
of a modification which continuously adjusted the integration 
interval depending upon the curvature of the wave function. 
For convenience, the equivalences among the notation of 







The method of de t e rmina t ion  o f  t h e  a p p r o p r i a t e  i n t e r v a l  s i z e  
i s  as fo l lows .  F i r s t ,  an  i n i t i a l  i n t e r v a l  s i z e  was chosen a s  t h e  
smaller of  two q u a n t i t i e s :  
d e  Brog l i e  wavelength a t  = and A x , =  ‘ / 4 O N ,  where N i s  
A X,=2/#0 a, where ‘h ‘/k i s  t h e  
3 t h e  number o f  nodes i n  t h e  wave f u n c t i o n  due t o  t h e  bound s ta tes  
1 
( N x  f + 0.27 8 ‘ )  . During t h e  cour se  o f  t h e  i n t e g r a t i o n ,  
t h e  i n t e r v a l  s i z e  w a s  v a r i e d  so as t o  g i v e  approximate ly  40 
i n t e g r a t i o n  i n t e r v a l s  between two s u c c e s s i v e  nodes.  
The r a d i a l  f n t e g r a t i o n  was s topped  when t h e  v a l u e s  of t h e  
“apparent  phase s h i f t s ‘ ‘  c a l c u l a t e d  a t  four  s u c c e s s i v e  nodes d i f f e r e d  
from each  o t h e r  by less  than  10 r a d i a n .  The phases  thus  ob ta ined  -4 
were t h e n  used t o  ca l cu la . t e  t he  t r a n s p o r t  c r o s s  s e c t i o n s ,  u s i n g  
eqs .  1-5, 1 - 7  and 1-8. 
6 
I n  the c a l c u l a t i o n  of t h e  t r a n s p o r t  c r o s s  s e c t i o n s ,  o n l y  
P'lr 
and q'';:. were c a l c u l a t e d  d i r e c t l y .  The c r o s s  s e c t i o n  8 . E .  ' 
was ob ta ined  from t h e  s imple  r e l a t i o n  
2-9 
The c a l c u l a t i o n s  of t h e  c r o s s  s e c t i o n s  were c a r r i e d  o u t  i n  t h e  
fo l lowing  way: For a g iven  A" and E " , beginning  w i t h  1 ~ 0 ,  
which subsequent ly  was i n c r e a s e d  s u c c e s s i v e l y  by u n i t y ,  t h e  program 
c a l c u l a t e d  t h e  cor responding  7 4  . A f t e r  7, had been c a l c u l a t e d ,  
t h e  program c a l c u l a t e d  t h e  f i r s t  t e r m  of  t h e  qw * se r i e s ;  a t  1 = 2  
Q"J t h e  second t e r m  of 
("' and so  on. Hence, t h e  t h i r d  term of QlfJ4and f i r s t  t e r m  of  3 
f o r  each  1 , excep t  f o r  1 I 0 ,  t h e  cor responding  t e r m  was added 
t o  t h e  series,  and depending on whether 1 was even or odd, 
9/r) 4 
T.D. ' 
and f i r s t  t e r m  of  8. ti, ; a t  R = 3  , 
ClJK 
t e r m s  of the  4 '"' 8.p.or 9'';; series,  r e s p e c t i v e l y ,  were added. 
The phases  and cor responding  p a r t i a l  sums of  t h e  4 (*I) 4 r 5 were 
p r i n t e d  ou t .  
Qf*)'was s topped when t h r e e  7t and The c a l c u l a t i o n  of t h e  
consecu t ive  p a r t i a l  sums of  t h e  9'"'series agreed  t o  w i t h i n  .001, 
and t h e  f i n a l  
momentum , i . e .  . 7 { ' I n  . 
was we l l  beyond la , t h e  ra inbow angu la r  
4 
fib? tJ 4 
To c a l c u l a t e  t h e  reduced c o l l i s i o n  i n t e g r a l s  , t h e  
i n t e g r a l  i n  eq .  1-11 was r e w r i t t e n  as 
4 
7 
5 where 2 r &  E ?  
I n  c a l c u l a t i n g  t h e  in t eg rand ,  f o r  
computed d i r e c t l y ,  wh i l e  f o r  €'>')I , some of t h e  were 
i n t e r p o l a t e d  i n  r e g i o n s  where t h e  dependence of  9 on 2 
The i n t e g r a l  w a s  t hen  e v a l u a t e d  by W e d d l e ' s  r u l e  . 
* < 1.0 a l l  O(*"values were 
mhJk 
hJ * 
was s u f f i c i e n t l y  smooth. 
i*J* The r ange  o f  v a l u e s  o f  I!?* f o r  which t h e  Q were eva lua ted  
%i n(%f J 
l i m i t e d  t h e  range  o f  va lues  of  T f o r  wAich t h e  could  
be e v a l u a t e d .  I n  o rde r  t o  estimate t h e  maximum e r r o r  due t o  t h e  
t r u n c a t i o n  of  t h e  r ange  of numerical  i n t e g r a t i o n  f o r  t h e  
f i P , t I *  
i n t e g r a l s ,  a s imula t ed  i n t e g r a t i o n  was c a r r i e d  o u t  i n  which a l l  o f  
t h e  qfhJX w i t h i n  t h e  range  of i n t e g r a t i o n  were se t  equa l  t o  h n i t y .  
S ince  t h e  complete  i n t e g r a l ( w i t h  QP"= / ) i s  i d e n t i c a l l y  u n i t y ,  t h e  
d e v i a t i o n  of t h e  above numerical  r e s y l t  from u n i t y  served  as an 
i n d i c a t i o n  of  t h e  e r r o r  due t o  t h e  t r u n c a t i o n .  This  procedure  w a s  
c a r r i e d  o u t  f o r  v a r i o u s  va lues  of  T so  t h a t  l i m i t s .  cou3d be 
e s t a b l i s h e d  on t h e  v a l i d  range o f  T . 
Jk 
%C 
The e n t i r e  numer ica l  procedure w a s  c a r r i e d  o u t  on t h e  
CDC 1604 computer a t  t h e  Un ive r s i ty  of  Wisconsin Numerical Ana lys i s  
Labora tory .  
3. R e s u l t s  and Di scuss ion  
( I )  Y 
F i g s .  1 and 2 show t h e  dependence o f  (Boltzmann) and 
9lZJ* (Boltzmann) on E * f o r  A' = 0,1,2 and 3.  
* 6 
v a l u e s  ( A  = 0) a r e  those  o f  H i r s c h f e l d e r ,  B i rd  and Spotz  . 
F i g .  3 shows t h e  i n f l u e n c e  of t h e  s t a t i s t i c s  upon q iPJ4 fo r  
The c l a s s i ca l  
A* = 1. The gC*Iy have g e n e r a l l y  t h e  expec ted  nega t ive  energy 
dependence b u t  superimposed on t h e  smooth background i s  a p a t t e r n  
8 
of maxima which become more d i s t i n c t  under c o n d i t i o n s  such t h a t  a 
smaller number of terms c o n t r i b u t e  s i g n i f i c a n t l y  t o  t h e  sum. The 
o r i g i n  of t h e s e  resonances  i s  t h e  ab rup t  r ise7 of  t h e  o r d e r  of 'T 
i n  t h e  phase s h i f t  f o r  a p a r t i c u l a r  v a l u e  of which t a k e s  p l a c e  
over a more or  less narrow range  o f -ene rgy .  
peaks i s  r e l a t e d  t o  d7'/dk, o r ,  more d i r e c t l y ,  t o  t h e  c o l l i s i o n  
l i f e t i m z  3 S# A p / d E  . The v a l u e  of 4 p r i m a r i l y  r e s p o n s i b l e  
f o r  each  of t h e  r e s o n a n t  peaks i s  i n d i c a t e d  on t h e  f i g u r e s  f o r  t h e  
c a s e  of A*= I . 
expec ted  and found expe r imen ta l ly  from beam s c a t t e r i n g  s t u d i e s  . 
The sha rpness  of t h e s e  
8 
S i m i l a r  maxima i n  t h e  t o t a l  c r o s s  s e c t i o n  are 
9 10 
F i g s .  4 and 5 show t h e  dependence of (Bo 1 t zmann) and 
* 
(Boltzmann) on T f o r  A* = 0 ,1 ,2  and 3. The c l a s s i c a l  p a  Ir 
11 The (Z(m*tJY JC 
v a l u e s  (A*=o) a r e  those  of Monchick and Mason . ( T  J 
curves  are l a r g e l y  monotonic due t o  t h e  averaging-out  of  t h e  
r e s o n a n t  peaks i n  q88-*) ; however, some s t r u c t u r e  remains a t  
s u f f i c i e n t l y  low t empera tu res  f o r  l a r g e  A * l s .  
The high tempera ture  behavior  of and i s  
i l l u s t r a t e d  i n  more d e t a i l  i n  F i g s .  6 and 7, where t h e  pe rcen tage  
d e v i a t i o n  from t h e  c l a s s i c a l  v a l u e s  ( t h e  "quantum c o r r e c t i o n " )  i s  
p l o t t e d  v s .  . It has  been shown by de Boer and B i rd  
t h a t  i n  the  a lmost  c l a s s i c a l  l i m i t  
T *  -9/6 1 2  
( A*d 0 ), t h i s  q u a n t i t y ,  
c a l c u l a t e d  f o r  an i n v e r s e  
i s  p o s i t i v e  and p r o p o r t i o n a l  t o  
t w e l f t h  power r e p u l s i v e  p o t e n t i a l ,  
It i s  t o  be N2 T* -5/6 . 
expec ted  t h a t  f o r  t h e  p r e s e n t  c a s e ,  i . e . ,  t h e  L . - J .  (12,6) 
p o t e n t i a l ,  t h e  d e v i a t i o n  f u n c t i o n  should  approach t h i s  behavior  
i n  t h e  l i m i t  of h igh  tempera ture ,  b u t  become n e g a t i v e  a t  lower 
9 
rempera ture  due t o  t h e  in f luence  of t h e  a t t r a c t i v e  p a r t  of t h e  
p o t e n t i a l .  
I n  F i g s .  6 and 7 t h e  s o l i d  cu rves  r e p r e s e n t  t h e  r e s u l t s  o f  t h e  
p r e s e n t  c a l c u l a t f o n .  The s o l i d  s t r a i g h t  l i n e s  emanating from t h e  
o r i g i n  show t h e  expec ted  l i m i t i n g  behavior  f o r  t h e  2 - ’$epu l s ive  
p o t e n t i a l .  The dashed l i n e s  i n d i c a t e  p o s s i b l e  i n t e r p o l a t i o n s  
between t h e  c a l c u l a t e d  and the  l i m i t i n g  v a l u e s .  It i s  i n t e r e s t i n g  
t o  n o t e  from F i g .  7 t h a t  t h e  c ros s ing -ove r  and changing o f  s i g n  of  
t h e  quantum c o r r e c t i o n  i s  d e f i n i t e l y  e s t a b l i s h e d ,  a t  least  f o r  
t h e  numer ica l  v a l u e s  of t h e  v a r i o u s  R ( m x * ’ t n t e g r a l s  are 
( A  = o), of  * p r e s e n t e d  i n  Tab les  1 - 6 .  The c l a s s i c a l  v a l u e s  
f i c w  # R C 4  3) j l l  (-J‘’* 3) # p ‘ Y z  ir 
Y Y and are t aken  from 
Ref .  1, w h i l e  t hose  f o r  and are t h e  more 
r e c e n t  v a l u e s  from Ref .  11. The p r e s e n t  r e s u l t s  ( i . e . ,  f o r  
A*= 1,2,3) a r e  b e l i e v e d  to  be a c c u r a t e  t o  w i t h i n  5 5 i n  t h e  l a s t  
d i g i t .  
It i s  of  i n t e r e s t  t o  note  t h e  r a t h e r  s i z e a b l e  magnitude of  t h e  
a s  h i g h  as 
+ 
quantum e f f e c t s  ( s ee  F i g s .  4 and 5 )  even f o r  T 
u n i t y .  It t h u s  appea r s  t h a t  t h e r e  are a number of  p h y s i c a l l y  
i n t e r e s t i n g  systems13 f o r  which quantum e f f e c t s  on t h e  t r a n s p o r t  
p r o p e r t i e s  cannot  be cons idered  mere ly  “ c o r r e c t i o n s ”  t o  t h e  
c las s i c  a 1 behavior  . 
10 
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Fig. 1. The influence of the quantum parameter, A* , on the 
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Fig. 2.  
reduced cross section, 9 "'T 
The influence o f  the quantum parameter, A" , on the 
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Fig. 4 .  The influence of the quantum parameter, A* , on the integral 
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Fig. 6 .  The quantum correction to in the high temperature 
The influence of the quantum parameter, A* , on the 
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1 3  
TABLE I (cont ' d )  
't 
9 . 0  
1 0 . 0  
11 .0  
12 .0  
1 3 . 0  
1 4 . 0  
1 5 . 0  
1 6 . 0  
1 7 . 0  
1 8 . 0  
1 9 . 0  
20.0 
21 .0  
22.0 
23 .0  
24 .0  
25.0 
26 .0  
2 7 . 0  
28.0 
0 




















0 .7471  





0 . 6 9 1 3  
0.6846 
0 .6783  
0.6725 
0 .6670  
0.6618 
0.6570 
0 . 6 5 2 4  
0 .6480  
0.6438 
0.6398 
0 .6360  
0 . 6 3 2 4  
0.6289 
3 
0 .7411  
0 .7301  
0 .7202  
0.7112 
0 .7031  
0.6956 
0.6886 
0 .6822  
0 .6762  
0.6705 
0 .6652  
0.6602 
0.6555 




0 .6350  
0 .6314  
0 .6280  
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TABLE I1 















5 .0  
6.0 
7.0 
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TABLE 111 (cont'd) 
1 2 3 
9 . 0  0.6847 
1 0 . 0  0.6735 
1 1 . 0  
1.2.0 
13.0 
1 4 . 0  
1 5 . 0  
1 6 . 0  
1 7 . 0  
1 8 . 0  
1 9 . 0  
20 .0  0 .6048 
0 .6833 0 .6822  
0.6724 0.6715 
0.6627 0 .6619 
_ _  
0.6539 0 . 6 5 3 3  
0 .6455 




0 . 6 1 4 4  
0 .6094  
0 .6046 
0.6806 
0 .6702  
0 .6608 





0 .6192  
0 .6139  
0 .6089  
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